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A S'IIEADY SOLAR WIND 
By John R. Sp re i t e r  and  Albe r t a  Y. Alksne 
SUMMARY 
Approximate solutions are given for  the shape of the boundary separat ing a 
s teady  neut ra l  s t ream of  ion ized  so lar  corpusc les  f rom the  combined magnetic 
f i e l d s  o f  a three-dimensional  dipole  and an equator ia l  r ing current .  Results 
are p r e s e n t e d  f o r  t h e  t r a c e s  of the boundary in the geomagnetic meridian plane 
c o n t a i n i n g  t h e  s u n - e a r t h  l i n e  f o r  s e v e r a l  o r i e n t a t i o n s  of t h e  l a t t e r  relative t o  
the dipole  axis ,  and for  the t race of  the boundary in  the geomagnet ic  equator ia l  
p lane  for  the  case  in  which  the  d ipole  ax is  i s  normal t o  t h e  s u n - e a r t h  l i n e .  It 
i s  found  tha t  t he  p re sence  of a r ing  cu r ren t  hav ing  va lues  fo r  the diameter and 
s t r e n g t h  of the order proposed to explain the magnetometer data from Pioneer I 
and Pioneer V h a s  t h e  e f f e c t  o f  g r e a t l y  i n c r e a s i n g  t h e  s i z e ,  as well as a l t e r i n g  
t h e  form, of the region within which the geomagnetic field i s  confined. 
INTRODUCTION 
The present  paper  repor t s  the  results of an  ex tens ion  of  the  theore t ica l  
s tudy  r epor t ed  in  r e fe rences  1, 2,  and 3 i n  which approximate results are d e t e r -  
mined fo r  t he  t r aces ,  i n  t he  geomagne t i c  equa to r i a l  p l ane  and  in  the  geomagne t i c  
mer id ian  p lane  conta in ing  the  sun-ear th  l ine ,  o f  the  cavi ty  carved  out  of  a 
s teady  neut ra l  ion ized  so lar  corpuscular  stream by  in t e rac t ion  wi th  a magnetic 
dipole  represent ing the geomagnet ic  f ie ld .  The novel  fea ture  of  th i s  ex tens ion  
i s  the  inc lus ion  of t h e  e f f e c t  o f  a n  e q u a t o r i a l  r i n g  c u r r e n t  h a v i n g  p r o p e r t i e s  
similar t o  t h o s e  of the model proposed by Smith, Coleman, Judge, and Sonett i n  
reference 4 to  represent  the magnetometer  data  f rom Pioneer  V and Explorer V I .  
These p r o p e r t i e s  are t h a t  there exists,  dur ing  quie t  times, a westward flowing 
cu r ren t  of about 5x106 amperes d i s t r i b u t e d  o v e r  a l a r g e  volume having the form 
of a t o r o i d a l  r i n g  3 e a r t h  r a d i i  i n  c r o s s - s e c t i o n a l  r a d i u s  w i t h  i t s  c e n t e r  l i n e  
s i t u a t e d  i n  t h e  g e o m a g n e t i c  e q u a t o r i a l  p l a n e  a t  a d i s t ance  of approximately 8 t o  
10 e a r t h  r a d i i .  The magnetic moment of such a c u r r e n t  system i s  of  the same 
sign and order of magnitude as t h a t  o f  t h e  r a i n  d i p o l e  f i e l d .  A l t h o u g h  t h e  con- 
cept  of a r i n g  c u r r e n t  i s  o f  l ong  s t and ing  in  the explanat ion of the decrease of 
t h e  h o r i z o n t a l  component o f  t he  magne t i c  f i e ld  in  the  main phase of a magnetic 
s to rm,  and  va lues  fo r  t he  s t r eng th  and  radius similar t o  t h o s e  stated above have 
also been deduced recently from cosmic-ray data by Kellogg and Winckler ( ref .  5 ) ,  
magnetometer and other data from more recent  space experiments  with Explorer  X 
( re f .  6 )  and Explorer XI1 ( re f .  7) have f a i l e d  t o  d e t e c t  t h e  p r e s e n c e  o f  s u c h  
s u b s t a n t i a l  r i n g - c u r r e n t  e f f e c t s .  A s  a result, the e n t i r e  s u b j e c t  of the prop- 
er t ies  and even the exis tence of  a s i g n i f i c a n t  r i n g  c u r r e n t  must be regarded as 
a n  open question a t  the p resen t  time. 
It i s  ev iden t  t ha t  t he  p re sence  o f  a r ing  cu r ren t  hav ing  a magnetic moment 
comparable t o   t h a t  of the permanent magnetic f i e l d  o f  t he  ea r th  shou ld  have the  
e f f e c t  o f  g r e a t l y  i n c r e a s i n g  t h e  s i z e ,  as well as a l t e r i n g  t h e  form, of the cav- 
i t y .  It i s  the  purpose  of  th i s  paper  to  present  the  results of a number of  
ca l cu la t ions  unde r t aken  to  de t e rmine  in  a more q u a n t i t a t i v e  manner the  na ture  of 
t he  e f f ec t s  o f  such  a r i n g  c u r r e n t .  A prel iminary account  of  the present  inves-  
t i ga t ion  inc lud ing  p lo t s  o f  t he  r e su l t s  fo r  t he  case  in  wh ich  the  d ipo le  axis i s  
normal t o  t h e  d i r e c t i o n  of t he  inc iden t  stream has been given in  reference 8. 
Those r e s u l t s  are p r e s e n t e d  i n  g r e a t e r  d e t a i l  i n  t h e  p r e s e n t  p a p e r .  A l s o  p r e -  
sented are a d d i t i o n a l  r e s u l t s  f o r  t h e  t r a c e s  o f  t h e  b o u n d a r y  i n  t h e  above 
s p e c i f i e d  m e r i d i a n  p l a n e  f o r  o t h e r  o r i e n t a t i o n s  o f  t h e  d i p o l e  a x i s  r e l a t i v e  t o  
the  stream d i r e c t i o n .  
It should be recognized that the concept of a t o r o i d a l  r i n g  c u r r e n t  w i t h  
protons and electrons circulating round the geomagnetic axis a t  d i f fe ren t  speeds ,  
although simple and of long standing, is ,  a t  b e s t ,  n o t  p a r t i c u l a r l y  p r e c i s e .  
Singer has proposed a d i f f e ren t  concep t  i n  r e fe rence  9 i n  which the observed mag- 
n e t i c  v a r i a t i o n s  a n d  t h e  a s s o c i a t e d  r i n g  c u r r e n t  are explained in terms of the 
sp i ra l ing  and  dr i f t ing  mot ion  of  t rapped  par t ic les  similar to  those  d iscovered  
s h o r t l y  t h e r e a f t e r  b y  sa te l l i t e  experiments by Van Al len  and  h is  co l leagues  (see, 
e . g . ,  r e f .  1 0 ) .  A s  i s  now familiar, t h e  t r a p p e d  p a r t i c l e s  s p i r a l  r a p i d l y  t o  a n d  
f r o  a l o n g  t h e  l o c a l  m a g n e t i c  l i n e s  b e t w e e n  m i r r o r  p o i n t s  i n  t h e  n o r t h e r n  a n d  
southern hemispheres. A t  t h e  same time t h e  t r a p p e d  p a r t i c l e s  drift  round the 
ea r th ,  t he  p ro tons  to  the  west, t h e  e l e c t r o n s  t o  t h e  e a s t ,  t h u s  s e t t i n g  up a 
westward e l e c t r i c  c u r r e n t .  T h i s  c u r r e n t  i s  i d e n t i f i e d  w i t h  t h e  r i n g  c u r r e n t .  
There is, i n  a d d i t i o n ,  a diamagnetic e f fec t  produced by the gyration of t he  pa r -  
t i c l e s  a b o u t  t h e  l i n e  o f  f o r c e .  S u p e r p o s i t i o n  of t hese  two e f f ec t s  g ives  the  
t o t a l  magnetic influence, although Singer states i n  r e f e r e n c e  11 tha t  under  cer -  
ta in  condi t ions ,  the  d iamagnet ic  e f fec ts  are not important.  
It i s  assumed i n  t h e  p r e s e n t  i n v e s t i g a t i o n  t h a t  t h e  s i m p l e  r i n g  c u r r e n t  
model proposed by Smith, Coleman, Judge, and Sonett i n  r e f e r e n c e  4 can be used t o  
obtain an adequate  representat ion of  the basic  geomagnet ic  f ie ld .  It should  be 
recognized that  t h e  v a l u e s  i n d i c a t e d  f o r  the s t r e n g t h  a n d  p o s i t i o n  of t h e  r i n g  
cu r ren t  may be a t  considerable  var iance with those of the equivalent  diamagnet ic  
r ing  cur ren t  which  could  a l so  be used t o  represent  the measured f ie ld ,  but  which 
would be more cons is ten t  wi th  the  concept  of  the  magnet ic  f ie ld  a r i s ing  f rom the  
motion of t r a p p e d  p a r t i c l e s .  It i s  not  necessary,  however,  for  the  determination 
of the terminal  shape of  the geomagnet ic  f ie ld  to  dupl icate  the propert ies  of t he  
r i n g  c u r r e n t  i n  a l l  d e t a i l s .  It i s  important,   though,  that  a cons is ten t   sys tem 
be employed so  that the approximations introduced in proceeding from the measured 
va lues  to  an  equiva len t  cur ren t  sys tem are removed when the  process  i s  repeated 
i n  reverse order  to  ca lcu la te  the  magnet ic  f ie ld .  This  has  been  done i n  t h e  
2 
present  analysis ,  and a l l  results presented herein are based on the  cons i s t en t  
use of the model and associated numerical values proposed by Smith, Coleman, 
Judge,  and  Sonett. The only  devia t ion  i s  t h a t  t h e  r i n g  c u r r e n t  o f  f i n i t e  c r o s s  
sec t ion  i s  replaced by an ideal ized one  of i n f in i t e s ima l  c ros s  sec t ion .  This 
change s impl i f ies  the  computa t ions  cons iderably  and  should  lead  to  l i t t l e  d i f f e r -  
ence i n  t h e  results, provided the boundary of the c a v i t y  i s  fa r ther  than  about  2 
















rad ius  of r i ng  cu r ren t ,  em ( s e e  f i g .  1) 
rad ius  of e a r t h ,  ern 
t o t a l  m a g n e t i c  f i e l d ,  g a u s s  
magnetic f i e l d  due to  cur ren ts  in  boundary ,  gauss  
i n t e n s i t y  of geomagnetic f i e l d  a t  equator  =: 0.31-2 gauss 
cur ren t  , e .  m. u. 
complete e l l i p t i c  i n t e g r a l  of the  f i r s t  kind 
modulus of e l l i p t i c  i n t e g r a l s  
dipole  moment of earth = ae3B 
PO 
dipole  moment of r i n g  c u r r e n t  = n a 2 i  
mass of proton = 1.67~10-~~ gm 
number of protons per  cm3 
u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of the outward normal t o  t h e  boundary 
spher ica l  coord ina tes  (see f i g .  1) 
n 
r u n i t  v e c t o r  i n  r a d i a l  d i r e c t i o n  
3 
rO unit of   length  def ined  byquat ion (8) , cm 
v veloci ty   of   plasma,  cm/sec 
x, Y, z rectangular  coordinates  (geomagnetic,  see f i g .  1) 
x!, y ' ,  z '  rectangular   coordinates   (geographic)  
h 
0 u n i t  v e c t o r  i n  d i r e c t i o n  of i nc reas ing  0 
A angle  b tween  direction  f  undisturbed  plasma stream and  the  g o- 
magnet ic  equator ia l  plane (see f i g .  1) 
P 
4J angle  b tween  direction of undisturbed  plasma stream and  the  out-  
ward normal to  the  boundary  (see f i g .  1) 
Subscr ip ts  
f r o n t  
p e r t a i n i n g  t o  r i n g  c u r r e n t  
lower 
n e u t r a l  p o i n t  
per ta ining to  permanent ,  or d i p o l e ,  f i e l d  
rear 
upper 
component i n  the  d i r ec t ion  o f  i nc reas ing  0 
component i n   t he   d i r ec t ion   o f   i nc reas ing  p 
FLTNDAMENTAL ASSUMPTIONS A N D  EQUATIONS 
The basic  concepts  of the  present  s tudy  are c l a s s i c a l  a n d  stem from a long  
series of  inves t iga t ions  by Chapman, Fer raro ,  Dungey, and others  (see refs.  1 2  and 
4 
13 f o r  a rksumd) undertaken to  explain the connect ion between solar  flares and 
geomagnetic  storms. The fundamental  assumption i s  t h a t  there exists a r a r e f i e d  
neut ra l  ion ized  corpuscular  stream, t h e  s o l a r  wind, cons i s t ing  p r inc ipa l ly  o f  
protons and electrons in  equal  numbers ,  which f lows past  the ear th  a t  hypersonic 
speeds. The p a r t i c l e s  are presumed t o  be  of solar origin,  and to  be of  uniform 
ve loc i ty  in  the  und i s tu rbed  inc iden t  stream. The d i rec t ion  of  the  inc ident  
stream w i l l  be r e f e r r e d   t o   f o r  convenience of discussion as though it were coming 
d i r ec t ly  f rom the sun. It should  be  understood,  however,  that the d i rec t ion  of  
the sun i s  a c t u a l l y  immaterial i n  the ana lys i s ,  and  tha t  on ly  the  d i rec t ion  of  
the  undis turbed  inc ident  stream r e l a t i v e  t o  t h e  d i p o l e  axis i s  s i g n i f i c a n t .  
Interact ion between the s o l a r  wind and the permanent geomagnetic f i e l d  i s  such 
t h a t  a cavity, bounded by a th in  cu r ren t  shea th ,  i s  carved out of the stream. 
The solar wind i s  thus  conf ined  to  the  ex te r io r ,  and  the  geomagne t i c  f i e ld  to  the  
i n t e r i o r ,  of t he  cav i ty .  The l a t t e r  region,  dominated  by  the  geomagnetic  field, 
i s  now gene ra l ly  referred t o  as the magnetosphere. 
The p a r t i c l e s  of t h e  s o l a r  wind are cons idered  to  move i n  s t r a i g h t  l i n e s  up 
t o  the boundary of the c a v i t y  where they  are, i n  e f f e c t ,  s p e c u l a r l y  r e f l e c t e d  a n d  
r e t u r n e d  t o  t h e  stream with a d i r e c t i o n  of motion d i f f e r e n t  from t h a t  which they  
posses sed  in  the  inc iden t  stream. By th is  process  they  exer t  a pressure 
2mv2  cos2 $ on any  element of the  boundary  for  which  cos I) < 0.  The quant i -  
t i e s  m, n, and v r ep resen t   t he  mass, number dens i ty ,   and   ve lzc i ty  of the  pro- 
tons   in   the   undis turbed   inc ident   s t ream,   and  + represents  the  angle  between  the 
f ree-s t ream ve loc i ty  vec tor  and  an  outward  normal  to  the  sur face .  An element of 
t he  su r face  tha t  f a i l s  t o  comply with the condi t ion that  cos  $ 5 0 i s  sh ie lded  
from the stream and experiences no pressure .  
Dungey ( r e f .  13) h a s  i n v e s t i g a t e d  t h e  c o n d i t i o n s  t h a t  p r e v a i l  i n  t h e  c u r r e n t  
sheath bounding the cavi ty  and has shown t h a t  t h e  p a r t i c l e  p r e s s u r e  i s  balanced 
by  the  magnetic  pressure BS2/&r where B s  i s  the   t o t a l   ( t angen t i a l )   magne t i c  
f i e l d  a t  the surface of  the cavi ty .  These considerat ions lead to  the fol lowing 
r e l a t i o n  which must be sa t i s f ied  a t  the boundary: 
with m, n,  and v expres sed   i n   c .g . s .   un i t s   and  Bs expressed  in   gauss .  
The t o t a l  m a g n e t i c  f i e l d  3 i n  t h e  c a v i t y  i s  cons idered  to  be  the sum of 
the  permanent   magnet ic   f ie ld  gp of t e r r e s t r i a l   o r i g i n ,   t h e   f i e l d  Bi induced 
by t h e   r i n g   c u r r e n t ,   a n d   t h e   f i e l d  E ’  due to   t he   cu r ren t s   i n   t he   boundary .  It 
i s  a fundamental  assumption of the theory that t h e  t o t a l  f i e l d  i n s i d e  t h e  c a v i t y  
satisfy the  magne t i c  f i e ld  equa t ions  fo r  a vacuum 
d i v  €J = 8 , c u r l  B, = 0 (2) 
together  with the boundary condi t ions that  the normal  component  of B vanish  and 
the   t angen t i a l  component of be  given  by  equation (1) a t  the  surface  of   the 
cav i ty .  It i s  a l s o  n e c e s s a r y  t h a t  the so lu t ion  possess  the appropr ia te  s ingular -  
i t i e s  i n  t h e  c a v i t y  t h a t  are r equ i r ed  to  r ep resen t  gP and B i .  The f irst  of 
these  w i l l  be  considered to  be represented by a single magnetic dipole,  thus 
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BP = &Bpe + "rBp = -( Mp/r3) (^ e s i n  8 + $2 cos e )  (3)  
r 
where the Eoordinate system i s  f ixed  wi th  r e spec t  t o  the  d ipo le  as i l l u s t r a t e d  i n  
f i g u r e  1, 8 and r^ are u n i t  v e c t o r s  i n  the d i rec t ion  of  increas ing  e and r, and 
the  magnetic moment of   the  dipole  i s  given  by Mp = ae3Bpo where ae represents  
the   rad ius   o f   the  earth ( 6 . 3 7 ~ 1 0 ~  cm) and B r ep resen t s  the i n t e n s i t y  of t he  
geomagnetic f i e l d  a t  the magnet ic  equator  (0 .312 gauss) .  The second i s  given  by 
(see, fo r   i n s t ance ,  r e f .  14 )  
PO 
- ;G 2a2  cos e 
+ r2 - 2 a r  s i n  e 
where E and K a re  comple t e  e l l i p t i c  i n t eg ra l s  hav ing  the  modulus 
and a and M i  represent  he  radius  and  magnetic moment of t h e   r i n g   c u r r e n t .  The 
l a t t e r  i s  defined by 
M i  = n a 2 i  (6) 
where i represents   the  current   measured  in   e .m.u.   and  considered  posi t ive when 
flowing  westward  around  the  earth. One e.m.u. of current i s  e q u a l  t o  10 amperes. 
It i s  a proper ty  of the above equat ions that  2 cannot  vanish  over  any 
region of f i n i t e  e x t e n t  i n  t h e  i n t e r i o r  of  the  cavity.  It fo l lows  tha t  t he  
boundary  of  the  cavity  must be  of such form that cos $ < 0 everywhere,  with 
zero values  occurr ing only a t  i so l a t ed  po in t s .  Th i s  cond i t ion  toge the r  w i th  the  
above equations suffices to specify completely the form for the boundary of the  
cavi ty  and  the  proper t ies  of the  magnet ic  f ie ld  conta ined  there in .  
DERIVATION OF AN APPROXIMCITZ  DIFFEFENTIAL  EQUATION FOR THE 
COORDINATES  OF THE BOUNDARY OF THE CAVITY 
Although the simplified physical model descr ibed above leads to  a completely 
defined mathematical  problem, the exact solution has s t i l l  t o  be determined, even 
fo r  t he  case  of the   d ipole   a lone ,  The p resen t  ana lys i s ,  t he re fo re ,  i s  based on 
the use of the approximation introduced and commented upon r e c e n t l y  by Beard 
( r e f .  15) , Ferraro  ( r e f .  16)  , and Davis and Beard ( r e f .  17) . It i s  judged on the 
b a s i s  of previous experience with the case of  the dipole  a lone that  results 
o b t a i n e d  i n  t h i s  way d i sp lay  nea r ly  a l l  t h e  e s s e n t i a l  f e a t u r e s  of the  exac t  
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solut ion,  a l though the coordinates  of  the boundary may be i n  e r r o r  b y  a f e w  
percent  one way or t h e  o t h e r  a t  var ious  poin ts .  This  s ta tement  i s  based  pr inc i -  
p a l l y  on comparisons of exact and approximate solutions for the analogous problem 
i n  two dimensions given by Hurley ( ref .  18), and by Sprei ter  and Briggs (refs.  1 
and 2 ) .  
The e s sen t i a l  concep t  that leads t o  the s impl i f i ca t ion  ach ieved  by  Beard i s  
t h a t  o f   r e l inqu i sh ing  the cond i t ion  that the normal  component  of  vanish a t  
the boundary of the cavity and  rep lac ing  it by the approx ima te  r e l a t ion  tha t  Bs 
be equal t o  twice the t a n g e n t i a l  component of the permanent magnetic f i e l d  
a t  the same point .  Ferraro subsequent ly  suggested that it would be bet ter  t o  
r ep lace  the  f ac to r  2 by  2f where f i s  a cons tan t ,  the  value f o r  which i s  t o  be 
determined a t  the end of  the calculat ion by matching condi t ions a t  some partic- 
ularly s i g n i f i c a n t  p o i n t .  These concepts have been carried over to the present 
s tudy,  for  which they lead to  the  approx ima te  r e l a t ion  
?e 
BS2 = 4f2[n^ X (Ep + z i ) l2  
where n i s  a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of the  outward  normal t o  t h e  s u r f a c e  
of t h e  c a v i t y .  F e r r a r o  p r o c e e d s  t o  p r e s e n t  a s imple i l lustrat ive two-dimensional  
example involving f low past  a cur ren t  bear ing  wire, and shows t h a t  a reasonable 
procedure  for  the e s t ima t ion  of f l e a d s  t o  t h e  v a l u e  0.68 f o r  t h a t  p a r t i c u l a r  
case.  It was subsequently shown e l sewhere   t ha t   t he   va lue   fo r  f i n c r e a s e s   t o  
about 0.91 when f low pas t  a two-dimensional dipole i s  considered ( refs .  1, 2, and 
18), and t o  1 .29  f o r  a three-dimensional dipole immersed i n  a s ta t ionary plasma 
( r e f .  19). Since the l inear  dimensions of  the cavi ty  are p r o p o r t i o n a l  t o  the 
f i r s t  power of f f o r  t h e  wire problem, to   t he   squa re   roo t   o f  f f o r  t h e  two- 
dimensional  problem,  and t o  t h e  cube root   o f  f for   the   th ree-d imens iona l   d ipole  
problem, the  use  o f  t hese  va lues  in s t ead  o f  un i ty  l eads  to  r educ t ions  o f  a l l  
dimensions of the cavities around the wire and the two-dimensional dipole by 
32 percent and 5 percent ,  respect ively,  and to  an increase of  the dimensions of  
the cavi ty  around the three-dimensional  dipole  by 9 percent.   Corresponding 
r e s u l t s  have  not  been  determined  for  the  present  case,  however,  and f i s  
e q u a t e d  t o  u n i t y  i n  a l l  numerical  examples presented herein.  
A 
It should  be  observed  tha t  the  express ion  for  Bs given  by  equation (7)  i s  
as indicated by Davis and Beard i n  r e f e r e n c e  17 and, due t o  t h e  c o r r e c t i o n  of a n  
e r r o r ,  d i f f e r s  f r o m  t h a t  g i v e n  p r e v i o u s l y  i n  r e f e r e n c e s  1, 2, 8, 15, and  e l se-  
where. A s  noted by Davis and Beard,  the difference disappears when a t t e n t i o n  i s  
confined to  the meridian plane containing the sun-ear th  l ine,  and to  the equa-  
t o r i a l  p l a n e  f o r  t h e  c a s e  i n  which the dipole  axis  i s  normal t o  t h e  d i r e c t i o n  of 
the inc ident  s t ream.  Solu t ions  g iven  previous ly  for  these  p lanes  a re  thus  cor -  
r e c t  i n  s p i t e  o f  t h e i r  d e r i v a t i o n ,  b u t  results fo r  t he  coord ina te s  of the remain- 
der of  the  sur face  must be r e c a l c u l a t e d  i n  o r d e r  t o  b e  c o n s i s t e n t  w i t h  
equat ion ( 7 ) .  
Equations (3)  through (7)  s u f f i c e  t o  p r o v i d e  a r e l a t i o n  e x p r e s s i n g  t h e  l e f t -  
hand s i d e  of equation (1) i n  terms of the coordinates  of  the surface of  the cav-  
i t y ,  t he  d ipo le  moment of  the permanent  magnet ic  f ie ld ,  and the radius  and mag- 
n e t i c  moment of the r i n g  c u r r e n t .  The va r i ab le  pa r t ,  cos  @, o f t h e  r i g h t  s i d e  of 
equat ion (1) can a l so  be  expressed  in  terms of the  coord ina tes  of the  sur face .  
Combining t h e s e  r e l a t i o n s  leads t o  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  radial 
coordinate  r of the  sur face  expressed  as a func t ion  of  the  angular  coord ina tes  
0 and cp. The equat ion  i s  lengthy,  however,  and it i s  desirable before  d isp lay-  
ing it t o  a c h i e v e  a ce r t a in  econow resu l t i ng  f rom a r e d u c t i o n  i n  t h e  number of 
parameters  by introducing the fol lowing quant i ty  for  the uni t  of  length 
toge ther  wi th  the  fo l lowing  ratios 
p = r/ro, a = a/ro, 1-1 = T/I'$, Be = Bero 3 /$, gp = Brro3/M 
P 
The governing equation can thus be w r i t t e n  
where 
- -4pa2E cos e 
B i P  = 2 2  2 112 2 2 Ira ( a  + p + 2 a p  s i n  e )  (a + p - 2 a p  s i n  e )  
where E and K a re  comple t e  e l l i p t i c  i n t eg ra l s  hav ing  the  modulus 
4ap s i n  8 
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where A denotes the a n g l e   i n  the yz plane  between the d i r e c t i o n  of the i n c i -  
dent stream and the normal  to  the axis of  the dipole  as shown i n  f i g u r e  1. The 
quan t i ty  ro has   phys ica l   s ign i f icance  as the   geocent r ic   d i s tance   a long   the  sun- 
e a r t h  l i n e  t o  t h e  b o u n d a r y  of the geomagnetic f i e l d  f o r  the case i = 0, A = 0. 
The dimensionless  radius  vector  p defining the form of the  boundary of the  cav- 
i t y  as a func t ion  of e and cp thus depends  on the parameters p, and A. The 
determination of the s i z e  of the c a v i t y  for any par t icular  combinat ion of  densi ty  
and  ve loc i ty  of t he  inc iden t  stream r e q u i r e s ,  i n  a d d i t i o n ,  the ca l cu la t ion  of the 
u n i t   o f   l e n g t h  r o .  
When ap/acp = 0, as it i s  i n  the meridian plane containing the sun-earth 
l i n e ,  t h e  f i r s t  term on the l e f t  s ide of  equat ion (10) i s  zero and it i s  poss ib le  
t o  take  the square root  of  both s ides  of the e q u a t i o n .  I n  so  doing, it i s  impor- 
t a n t  t h a t  t h e  k s ign  i s  used  in  such  a way t h a t  b o t h  s i d e s  of the equat ion are 
of t he  same s ign .  The term within the square bracket  on t h e  r i g h t  s i d e  i s  equal  
t o  -cos $ and i s  t h e r e f o r e   p o s i t i v e .  The term within  the  square  bracket  on the  
l e f t  s ide  may be of e i t h e r  s i g n ,  however, depending upon whether the tangential 
component  of Bp + Bi i s  o r i en ted   i n   t he   d i r ec t ion   o f   i nc reas ing  or decreasing 
8 .  Both cases occur in the des i r ed  so lu t ion ,  s ince  a l l  f i e l d  l i n e s  on the  su r -  
f ace  of the cavity diverge from and converge to a p a i r  of i s o l a t e d  n e u t r a l  p o i n t s .  
These po in t s  are o f  add i t iona l  i n t e re s t  because  the  magne t i c  f i e ld  l i nes  tu rn  
abrupt ly  there and  ex tend  to  the  ear th .  The in t e r sec t ions  o f  t hese  l i nes  and  the  
ea r th ’ s  su r face  de f ine  a p a i r  of i s o l a t e d  p o i n t s  i n  t h e  v i c i n i t y  of t he  geomag- 
netic poles through which pass a l l  o f  t h e  f i e l d  l i n e s  t h a t  l i e  i n  and define the 
‘boundary  of t he  cav i ty .  These poin ts  a re  of  spec ia l  s ign i f icance  because  they  
l o c a t e  the geographical areas i n t o  which can p r e c i p i t a t e  c h a r g e d  p a r t i c l e s  
i n i t i a l l y  t r a p p e d  i n  t h e  v i c i n i t y  of the boundary of the geomagnetic field.  
SOLUTION  FOR THE MERIDIAN PLANE CONTAINING DIPOLE  AXIS AND SUN-EARTH LINE 
The solut ion of  equat ions (10) through (13) i s  unquestionably complex, bu t  
can be s impl i f ied  cons iderably  if  a t t e n t i o n  i s  confined to  determining the t race 
of the boundary of the  cavi ty  in  the  mer id ian  p lane  conta in ing  the  d ipole  ax is  
and  the  sun -ea r th  l i ne ,  t ha t  i s ,  the  plane  along  which cp = h / 2 .  Along t h i s  
plane ap/& vanishes  by  reason  of  symmetry,  and  the  governing  equation  reduces 
t o  a n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  i n  which a,/& can  be  replaced  by  dp/d@. 
This equat ion  can  be  solved  for  dp/de t o  y i e l d  
where the sense of the  p lus  and  minus s igns has  been retained to  be the same as 
in   t he   p reced ing   equa t ions   by   wr i t i ng   s in  (+71/2) f o r  s i n  (cp = +,/e) = +1 i n  
the  r igh t -hand member. It i s  convenient  to  cons ider  the two rearranged families 
of  so lu t ions  assoc ia ted  with the fo l lowing  equat ion ,  equiva len t  to  equat ion  (14) 
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sin [ e  - A sin (+x/2) 3 T (sin e>/p3 * Bie 
cos [ e  - A sin (?.rs/2) ] *  COS e) /p3 T Z i p  
d p =  p [  . .~ -~ . 
de 
If the  intensity  of  the  ring  current  is  zero,  Bie = Bip = 0, and  the  solution 
for any A can  be  determined  in  analytic  form as shown  in  references 1 and 2. It 
was  found  that  the  upper  signs  give  a  result  appropriate fo  th  nose or front 
portion  of  the  boundary,  and  the  lower  signs  a  result  appropriate  for  the  rear 
portion.  The  results  become  particularly  simple  for  the  case in which  the  inci- 
dent  stream  is  normal to the  dipole  axis so that A = 0. In this  case  the  coor- 
dinates  of  the  front  portion  of  the  boundary  are  given  by 
- - 
p = l  (16) 
and  those  of  the  rear  portion  by 
COS e = +  - 3 p3 =: t1.89 P3 
2213 + 1 p3 + 1 
The  curves  representing  the  front  and  rear  portions of the  boundary  join  together 
at an angle eN given  for  the  upper  half  plane by
This  point  and  the  corresponding  point  in  the  lower  half  plane  are  of  particular 
physical  significance  because  they  correspond to the  neutral  points  described  in 
the  preceding  section. 
The  greater  complexity  inherent  in  equation (1.5) when  the  intensity  of  the 
ring  current  is  not  zero  precludes  solution  in  analytic  form,  but  results  can 
still  be  obtained  by  standard  numerical  techniques.  There  remains,  however,  the 
discussion  of  the  choice  of  the  appropriate  integration  constant or, what  is 
equivalent,  the  appropriate  combination  of p and e to use  as  starting  values  in 
the  numerical  integration.  The  appropriate  choice for the  starting  values 
required to define  uniquely  the  desired  solution  that  satisfies  all  the  auxiliary 
conditions  of  the  problem  is  not  immediately  evident,  since  there  is  no  point  on 
the  boundary  for  which  the  coordinates p and 8 are  known from  a priori  consid- 
erations.  Examination of the  properties  of  the  integral  curves Tor equation (15)  
discloses,  however,  that  only  one of the  many  alternative  solutions  satisfies  the 
condition  that  the  cavity  extends  a  finite  distance from the  ring  current  in  the 
direction  of  the  sun,  and  that  the  lateral  dimensions  increase  steadily  with  dis- 
tance  downstream  from  the  apex so that  cos $ c 0 at  all  points. - 
This  statement  is  illustrated  most  readily by consideration  of  a  case  in 
which A = 0. Plots  of  the  integral  curves  for  the  upper  half  plane  are  shown  in 
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f i g u r e  2 f o r  the case i n  which a = 1 and p = 1. The corresponding curves for 
the lower half  plane need not  be considered for  the case of A = 0, s ince  the  
form of the hollow i s  symmetric about the sun-ear th  l ine .  Al though the i n t e g r a l  
curves shown i n  f i g u r e  2 are f o r  a p a r t i c u l a r  p a i r  o f  v a l u e s  f o r  a and p, they  
are typ ica l  because  in t eg ra l  cu rves  fo r  o the r  va lues  of these parameters are 
q u a l i t a t i v e l y  similar. Also ind ica t ed  on these p l o t s  are the  pos i t i ons  of the 
three  s ingular  po in ts  of  equat ion  (15)  t h a t  are i n  or a d j a c e n t  t o  the upper half 
plane.  These points are des igna ted  acco rd ing  to  the i r  gene ra l  l oca t ion  by the 
terms, f r o n t  SF, rear SR, and  upper Su. Their   coordinates  are determined  by 
the condi t ion that  the numerator  and denominator  of the  r igh t -hand members of 
equat ion (1.5) vanish  s imultaneously.   Their   s ignif icance  der ives   f rom  the fact  
t h a t  t h e  o n l y  i n t e g r a l  c u r v e s  t h a t  s a t i s f y  a l l  the  s t a t ed  r equ i r emen t s  fo r  an  
acceptab le  so lu t ion  pass  through a s ingu la r  po in t .  Thus, the only  in tegra l  curve  
t h a t  i n t e r s e c t s  t h e  s u n - e a r t h  l i n e  a t  a f i n i t e  and nonvanishing distance upstream 
f rom the  r ing  cur ren t  i s  that shown on p a r t  (a)  of f i g u r e  2, which passes through 
SF. This  curve is ,  t he re fo re ,  t he  on ly  one t h a t  can  represent   the  t race  of   the  
c a v i t y  b o u n d a r y  i n  t h e  v i c i n i t y  of the apex. This curve cannot represent the 
t r a c e  of the boundary for  cp = 4 / 2 ,  however, s ince  it t u r n s  away from the direc-  
t i o n  of the corpuscular  sbream over the pole and f a i l s  t o  s a t i s f y  t h e  c o n d i t i o n  
t h a t  c o s  $ < 0.  The in t eg ra l   cu rves  shown on f i g u r e  2 ( b )  r e v e a l  t h a t  t h e r e  i s  
one and  on lyone  in t eg ra l  cu rve  tha t  can  be joined to the curve which represents 
t h e  f r o n t  p o r t i o n  of the  boundary ,  and  tha t  ex tends  to  inf in i ty  in  the  rearward  
d i rec t ion   wi th   cos  $ < 0 a t  a l l  po in t s .  It i s  the   i n t eg ra l   cu rve  shown i n  
p a r t   ( b )   t h a t   p a s s e s   t G o u g h  Su. 
A p l o t  of  the  resu l t ing  form f o r  t he  t r ace  of the cavity boundary i s  shown 
i n  f i g u r e  3 f o r  t h e  c a s e  i n  which a = 1 and p = 1. Also ind ica t ed  on t h i s  p l o t ,  
by dashed l ines ,  are the  cor responding  resu l t s  def ined  by  equat ions  (16)  and (17) 
f o r  the c a s e  i n  which the re  i s  no r ing  cu r ren t .  
If A # 0, the symnetry about the equatorial  plane disappears and it i s  
necessary  to  de te rmine  in tegra l  curves  for  the  lower  ha l f  p lane  as well  as the  
upper. A r e p r e s e n t a t i v e   s e t  of i n t e g r a l   c u r v e s   f o r  A = 11.5' i s  shown i n  f i g -  
ure  4 for the   case a = 1, p = 1. Solut ions for small A are  determined  in a 
manner similar t o  t h a t  j u s t  d e s c r i b e d  f o r  A = 0 by se l ec t ing  the  ex te r io r  po r -  
t ions  of  the  in tegra l  curves  tha t  pass  through the  s ingular  po in ts .  It i s  thus 
necessary  to  cons ider  the  lower  s ingular  po in t  SL which i s  s i t u a t e d  a t  the  same 
geocent r ic   d i s tance  as Su but   in   the   oppos i te   d i rec t ion   f rom  the   o r ig in  as 
i n d i c a t e d  i n  f i g u r e  4 .  The r e s u l t i n g  c u r v e  f o r  t h e  t r a c e  of the  boundary  of  the 
geomagne t i c  f i e ld  in  the  mer id i an  p l ane  con ta in ing  the  sun -ea r th  l i ne  i s  shown i n  
f i g u r e  5 f o r  the case a = 1, p = 1. This  curve  represents  the  only  solution of 
equat ion (15) f o r  t h e s e  v a l u e s  f o r  a and p t h a t  i s  cont inuous   and   sa t i s f ies   the  
condition  cos $ < 0 a t  a l l  p o i n t s .  A s  i n  f i g u r e  3, t he   dashed   l i ne   i nd ica t e s  
t h e  r e s u l t s  f r o m  r e f e r e n c e s  1, 2, and 3 f o r  t h e  c a s e  i n  which there  i s  no r i n g  
cu r ren t .  It i s  of i n t e re s t  t o  obse rve  tha t  t he  angu la r  coord ina te s  of the  neu- 
t r a l  poin ts ,  a t  which the upper and lower curves join the curve from the forward 
por t ion  of the boundary, change a t  a slower rate than the angle between the 
stream di rec t ion  and  the d ipo le  ax i s .  
A s  A i s  increased  it reaches a c r i t i c a l   v a l u e  Acr,  dependent  upon t h e  
va lues  for  a and p, a t  which the upper  s inguiar  point  coincides  with the upper 
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n e u t r a l   p o i n t .  If A i s  increased  beyond A,, the procedures  described  above 
t o  determine the upper rear portion of the boundary no longer  apply because the 
condition  cos < 0 i s  v i o l a t e d  on the   po r t ion  of the  boundary  immediately 
upstream of  the izdicated neutral  point .  The a n a l o g o u s  s i t u a t i o n  f o r  the case of 
the   d ipole   a lone  was encountered i n  reference 1 when A exceeded 35.6'. A ty-pi- 
c a l  example i n  which a r i n g  c u r r e n t  i s  present  i s  provided by consider ing the 
case a = 1, p = 1, h = 34.5'. The i n t e g r a l  cwves f o r  this case are shown i n  
f igu re  6. The dashed  l i ne  on f i g u r e  6 marks the locus of  the po in t s  a t  which the 
in t eg ra l   cu rves  are p a r a l l e l   t o   t h e  stream, t h a t  is ,  where  cos = 0 .  For   the 
case of  the dipole  a lone this  would occur along a s t r a i g h t  l i n e ,  0 = Osu f o r  
cp = */2, and 0 = OsL f o r  cp = -n/2. The addi t ion   o f   the   r ing   cur ren t  a l ters  
t h e  s i t u a t i o n  a n d  t h e  l o c u s  i s  now given by 
Th i s  equa t ion  app l i e s  t o  bo th  families of curves  and  to  both  the  cp = +n/2 and 
t h e  cp = -n/2 planes.  The only   in tegra l   curves   for   which   cos  9 # 0 a t  the  
i n t e r s e c t i o n  w i t h  t h i s  l i n e  are the  fou r  members of the family shown i n  f i g -  
ure  6(b)  which  pass  through  the  singular  points Su and SL. A s  i n  t h e  c a s e  of 
the  d ipole  a lone ,  the  des i red  so lu t ion  can  be  obta ined  by  jo in ing  the  appropr ia te  
curves  represent ing the forward and rearward par ts  of the boundary a t  the  po in t  
of i n t e r sec t ion  wi th  the  l i ne  g iven  by  equa t ion  (19). Both portions of the 
boundary t r a c e  are p a r a l l e l  t o  t h e  d i r e c t i o n  of t he  inc iden t  stream a t  t h i s  p o i n t  
and s a t i s f y  t h e  c o n d i t i o n  t h a t  c o s  9 - < 0 everywhere. 
The r e s u l t i n g  s o l u t i o n  f o r  the t r a c e  of the boundary in  the meridian plane 
i s  shown i n  f i g u r e  7 .  A s  i n  f i g u r e s  3 and 5, the s ingular  and  neut ra l  po in ts  a re  
represented  by  c i rc les  and  squares  and  the  dashed  l ines  show the corresponding 
r e s u l t s  f o r  t h e  c a s e  i n  which the r i n g  c u r r e n t  i s  absent .  
Figures  3, 5, and 7 show t h e  e f f e c t  of a r i n g  c u r r e n t  on the s ize  and shape 
of the  boundary  for  th ree  d i f fe ren t  or ien ta t ions  of  the d ipole  axis r e l a t i v e  t o  
the stream d i rec t ion .  The p r i n c i p a l  e f f e c t  i s  an over-al l  enlargement ,  with some 
d i s t o r t i o n  n e a r  t h e  f r o n t ,  where the boundary i s  c l o s e s t  t o  t h e  r i n g  c u r r e n t .  
SOLUTION FOR EQUATORIAL P W  FOR A = 0 
For the special  case in  which A = 0, s impl i f i ca t ion  comparab le  to  tha t  in 
the  meridian plane occurs  i f  a t t e n t i o n  i s  conf ined  to  de t e rmin ing  the  t r ace  of 
the   boundary   in   the   equator ia l   p lane .   Along  th i s   p lane  8 = n/2, ap/& vanishes 
by reason of symmetry, and the governing equat ion reduces to  an ordinary differ-  
en t i a l   equa t ion   i n   wh ich  ap/acp can  be  replaced  by dp/dcp. This  equation  can  be 
so lved  fo r  dp/drp, and the result  i s  as fol lows i f  a t t e n t i o n  i s  r e s t r i c t e d  t o  t h e  




i n  which E and K are complete e l l i p t i c  i n t e g r a l s  h a v i n g  the modulus 
If t h e  i n t e n s i t y  o f  t h e  r i n g  c u r r e n t  i s  zero,  p and,  hence, bi  vanish,  and equa-  
t i o n  (20) r educes  to  the  fo rm g iven  in  r e fe rences  l, 2, and 3 f o r  t h e  d i p o l e  
a lone .  
The in t eg ra t ion  cons t an t  or s t a r t i n g  v a l u e s  t o  b e  u s e d  i n  t h e  i n t e g r a t i o n  of 
equat ion (20)  must  be  such t h a t  the cu rve  desc r ib ing  the  des i r ed  so lu t ion  in t e r -  
s e c t s  t h e  s u n - e a r t h  l i n e  a t  t h e  same p o i n t  as the  cu rve  desc r ib ing  the  t r ace  of 
the boundary of the hollow in the mer id i an  p l ane .  Th i s  s ign i f i e s  t ha t  t he  in t e -  
gra l  curve  of equat ion (20) t h a t  i s  t o  be  se lec ted  to  represent  the  boundary  of  
the hollow must pas s  th rough  the  f ron t  s ingu la r  po in t  of equat ion (15) with upper 
s igns .  Tha t  t h i s  i s  the  on ly  in t eg ra l  cu rve  of  equation (20) which i n t e r s e c t s  
t h e  s u n - e a r t h  l i n e  a t  a f in i te  d i s tance  f rom the  d ipole  s ingular i ty ,  and  hence  i s  
an  acceptab le  so lu t ion  of the  or ig ina l  phys ica l  p roblem,  i s  apparent from consid- 
e r a t i o n  of t he  p rope r t i e s  o f  a set  of  integral  curves  of  equat ion (20) i l l u s -  
t r a t e d  i n  f i g u r e  8 fo r  t he  case  de f ined  by  a = 1 and p = 1. 
Se lec t ion  of t he  pa r t i cu la r  i n t eg ra l  cu rve  desc r ibed  in  the  p reced ing  pa ra -  
g raph  y i e lds  the  cu rve  de f in ing  the  t r ace  o f  the cavi ty  boundary in  the equato-  
r i a l  p lane  for  the  case  in  which  A = 0. An isometr ic  view of  this  curve i s  
i l l u s t r a t e d  i n  f i g u r e  9, toge ther  wi th  the  cor responding  curve  f rom f igure  3 f o r  
t h e  t r a c e  of the  boundary  in  the  mer id ian  p lane  conta in ing  the  sun-ear th  l ine ,  
f o r  t h e  s p e c i a l  c a s e  a = 1, p = 1. The corresponding  curves   for   the  case of t he  
d ipole  a lone  are a l s o  i n d i c a t e d  i n  f i g u r e  9 by  the  dashed  l ines .  
FESULTS AND DISCUSSION 
The procedures  descr ibed in  the preceding  sec t ions  enable  the  ca lcu la t ion  of 
t r a c e s  of the boundary of the geomagnetic f i e l d  i n  t h e  e q u a t o r i a l  p l a n e  for t h e  
case A = 0, and i n  the meridian plane containing the d ipo le  ax i s  and  the  sun- 
e a r t h  l i n e  f o r  v a r i o u s  A, f o r  any given se t  o f  va lues  fo r  t he  ve loc i ty  and  num- 
b e r  d e n s i t y  of the  so la r  wind  and  for  the  s t rength  and  rad ius  of t h e  r i n g  
curren t .  The s e l e c t i o n  of appropr ia te  values t o  a c h i e v e  r e a l i s t i c  results 
involves some u n c e r t a i n t i e s ,  however, not only because knowledge i s  meager, bu t  
also because the magnitudes of the q u a n t i t i e s  are be l ieved  to  vary  cons iderably  
with  t ime. The results that  fol low are p resen ted ,  t he re fo re ,  fo r  cases involv- 
ing  what are be l i eved  to  be  r ep resen ta t ive  va lues  fo r  t hese  quan t i t i e s  t oge the r  
wi th  results fo r  o the r  cases  hav ing  smaller and larger  values  of  the governing 
parameters. 
Smith, Coleman, Judge, and Sonett have shown i n  r e f e r e n c e  4 t h a t  t h e  magne- 
tometer data from Explorer V I  d i sp l ay  va r i a t ions  tha t  can  be matched c lose ly  by 
results computed assuming the presence of  an equator ia l  r ing current  of 5 mi l l ion  
amperes located a t  a d is tance  of 60,100 k m  from the center  of  the ear th  and dis-  
t r i bu ted  ove r  a cross  sect ion having a radius  of  3 e a r t h  r a d i i  or less .  This 
f ind ing  fo rms  the  bas i s  fo r  t he  computed forms f o r  the boundary of the cavity 
t h a t  are p resen ted  in  f igu res  10 through 13. The r e s u l t s  shown i n  t h e s e  f i g u r e s  
and  t abu la t ed  in  t ab le s  I and IIIa are f o r  a r i n g  c u r r e n t  of i n f in i t e s ima l  c ros s  
sec t ion  loca ted  60,000 km f rom the center  of the e a r t h .  
I n  t h e  results p r e s e n t e d  i n  f i g u r e  10, t he  so l a r  co rpuscu la r  stream i s  
assumed t o  have a number dens i ty  n i n  protons/cm3  and  velocity v i n  cm/sec 
so tha t   t he   p roduc t  nv2 i s  equal   to   This   value  would  be possessed,  for 
instance,  by a stream having a number densi ty  of  4 protons/cm3 and a v e l o c i t y  
of 500 &/see.  Such  values are representat ive of  condi t ions observed by 
Mariner I1 during  quiet   t imes ( r e f .  20) .  Results are shown f o r  t h r e e  d i f f e r e n t  
va lues  fo r  t he  cu r ren t ,  namely, 2, 5, alld 10  mill ion  amperes.  The results for no 
r i n g  c u r r e n t  are a l s o  i n d i c a t e d  by a dashed l ine.  Angles of incidence extending 
from 0' t o  34.5O are included so as t o  cover the range of angles which the geo- 
magnetic equatorial  plane makes wi th  the  sun-ear th  l ine  dur ing  the  course  of t he  
year .  The r e s u l t s  f o r  A = 0 are a l s o  shown i n  i s o m e t r i c  p r o j e c t i o n  i n  f i g -  
ure  11 in  order  to  he lp  v isua l ize  the  three-d imens iona l  shape  of the boundary. 
The cor responding  p lo ts  for  o ther  A a re  no t  shown because results are ava i l ab le  
for  only the meridian plane.  The s u b s t a n t i a l  e f f e c t s  of t h e  r i n g  c u r r e n t  i n  
en larg ing  the  s ize  of  the  cavi ty  are c l e a r l y  i l l u s t r a t e d  b y  t h e  results. It can 
be  seen,   for   example,   that  when A = 0 the  d i s t ance  to  the  t e rmina t ion  of the 
geomagnetic f i e ld  a long  the  sun -ea r th  l i ne  inc reases  f rom abou t  8.8 t o  1 2 . 4  e a r t h  
r a d i i  w i t h  t h e  a d d i t i o n  of a r ing  cur ren t  of  5 mil l ion amperes  to  the basic  
d i p o l e  f i e l d .  
The number densi ty  and veloci ty  of  the solar  wind also have a considerable 
e f f e c t  on the  dimensions  of  the  cavity.  The magnitude  of  the  effect  i s  i l l u s -  
t r a t e d  i n  f i g u r e s  12  and 1-3 for  the  case  in  which  the  s t rength  of t he  r ing  cu r -  
r e n t  i s  5 million  amperes  and  the  product  nv2  takes on s e v e r a l  d i f f e r e n t  v a l u e s  
between 1015 and 1017 with n i n  protons/cm3  and v i n  cm/sec. A s  an t i c ipa t ed ,  
t he  s i ze  of the  cavi ty  d iminishes  rap id ly  as t h e  i n t e n s i t y  of t h e  s o l a r  wind 
increases .  Results are not   g iven   for  nv2 g rea t e r   t han  1017 because  par t  of the  
boundary approaches s o  nea r  t o  the  idea l i zed  r ing  cu r ren t  t ha t  t he  s impl i fy ing  
assumption of  inf ini tes imal  radius  becomes t o t a l l y  i n a d e q u a t e .  
Smith,  Coleman,  Judge,  and  Sonett  have also analyzed the magnetometer data 
from Pioneer V, which was launched during the recovery phase of a magnetic storm, 
and have shown i n  r e f e r e n c e  4 t h a t  it could  be  dupl ica ted  by  resu l t s  computed 
14 
assuming the presence  of  an  equator ia l  r ing  cur ren t  of  5 mil l ion amperes  located 
a t  a dis tance of  50,000 km f rom the  cen te r  o f  t he  ea r th  and  d i s t r ibu ted  ove r  a 
c i r cu la r  c ros s  sec t ion  hav ing  a r ad ius  no t  less than  3 e a r t h  r a d i i .  These  values, 
which d i f f e r  f rom those  ind ica t ed  by  the data from Explorer  V I  o n l y  i n  t h e  dis- 
t ance  f rom the  ea r th  to  the  r ing  cu r ren t ,  fo rm the  bas i s  fo r  t he  se l ec t ion  of t he  
parameters  def ining the results for the cavi ty  boundary shown i n  f i g u r e s  1 4  
through 17 a n d  t a b u l a t e d  i n  tables I1 and IIIb.  The results are f o r  a r ing  cu r -  
r e n t  of i n f i n i t e s i m a l  c r o s s  s e c t i o n  l o c a t e d  50,000 km f rom the center  of  the 
e a r t h .  The other  parameters  are t h e  same as those for  which results are shown i n  
f i g u r e s  10 through 13. Thus, t h e  results p r e s e n t e d  i n  f i g u r e s  1 4  and 15 i l l u s -  
t ra te  the  e f f ec t  o f  va ry ing  the s t r e n g t h  of t h e  r i n g  c u r r e n t ,  w i t h  t h e  number 
dens i ty  and  ve loc i ty  of  the  so la r  corpuscular  s t ream he ld  f ixed  a t  such values 
t h a t  nv2 i s  e q u a l   t o  Those   p resented   in  f igures  16  and 1-7 i l l u s t r a t e  the 
e f f ec t  o f  va ry ing  the  in t ens i ty  of the corpuscular  stream wi th  the  s t rength  of  
t he  r ing  cu r ren t  ma in ta ined  f ixed  a t  5 mi l l i on  amperes. It i s  evident ,  as i s  t o  
be expected,  that  the dimensions of  the cavi ty  diminish somewhat as the  d i s t ance  
f rom the  ea r th  to  the  r ing  cu r ren t  i s  reduced,  other  qcant i t ies  remaining the 
same. The e f f e c t  i s  not  overwhelming,  however,  and  the results for t he  two cases  
are similar i n  most q u a l i t a t i v e  f e a t u r e s .  
S ince  the  coord ina tes  of  the  neut ra l  po in ts  are of  cons iderable  in te res t ,  
and they cannot be determined accurately from t a b l e  I o r  11, a s e p a r a t e  l i s t i n g  
has been prepared and i s  presented  here in  as t a b l e  I V .  
A l l  equa t ions  and  r e su l t s  p re sen ted  in  t h e  preceding par t  o f  t h i s  p a p e r  a r e  
given from the point  of view of  an observer  f ixed with respect  to  the geomagnet ic  
coordinates .  It i s ,  however ,  o f  equal  in te res t  to  examine  the  resu l t s  f rom the  
poin t  of  v iew of  an  observer  f ixed  w i t h  r e spec t  t o  t h e  d i r e c t i o n  o f  t h e  s o l a r  
wind. Figure 18 shows r e s u l t s  a s s e m b l e d  i n  t h i s  way f o r  t h e  c a s e  i n  which t h e  
s t r eam d i r ec t ion  i s  normal to  the geographic  axis  and the geomagnet ic  axis  makes 
an angle therefrom of All. 5O, as occurs  during the course of  the day a t  the  equ i -  
noxes,  provided the stream d i r e c t i o n  i s  assumed p a r a l l e l  t o  t h e  s u n - e a r t h  l i n e .  
Cor re spond ing  r e su l t s  fo r  t he  case  in  which the  geographic  equator ia l  p lane  i s  
i n c l i n e d  23' from the  s t ream di rec t ion ,  such  as occurs a t  t h e  s o l s t i c e s ,  a r e  
shown i n  f i g u r e  19. These  r e su l t s  show t h a t  t h e  boundary  of  the  geomagnetic 
f i e l d  i s  o n l y  s l i g h t l y  a f f e c t e d  by the diurnal  wobbling of  the geomagnet ic  dipole  
a x i s  r e l a t i v e  t o  t h e  d i r e c t i o n  of the  so la r  wind .  This  i s  p a r t i c u l a r l y  t r u e  for 
t he  d ipo le  a lone .  The r e s u l t s  f o r  t h i s  case show tha t  t he  on ly  pa r t  o f  t he  
boundary t h a t  has a marked e f f e c t  of  o r i e n t a t i o n  i s  t h a t  i n  t h e  immediate v i c i n i t y  
of t h e  n e u t r a l  p o i n t s .  
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TABLE 11. - COORDINATES OF THE TRACE OF THE BOUNDARY OF THE  GEOMAGNETIC F I E L D  I N  
THE MERIDIAN PLANE CONTAINING THE DIPOLE  AXIS AND THE  SUN-EARTH. LINE FOR A 
RING CUREENT LOCATED AT A GEOCENTRIC DISTANCE OF 50,000 m 
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TABLF: 11.- COORDINATES OF THE TRACE OF THE BOUNDARY OF THE C3OMCIGNETIC FLELD IN 
THE MERIDIAN PLANE CONTAINING THE DIPOLF: AXIS AND THE SUN-EARTH LINE FOR A 
RING CURRENT LOCATED AT A GEOCENTRIC  DISTANCE OF 50,000 KM - Concluded 
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N TABU3 III. - COORDINATE3 OF TI33 TRACE OF THE  BOUNDARY OF T I E  GEOMAGNETIC FIELD IN 
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TABU 1V. -  COORDINATES OF THE NEUTRAL POINTS 
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(a) Upper s igns .  
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Figure 3.- Trace of the  boundary of the  geomagnetic  field  in the meridian  plane. 
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Figure 5.- Trace of the  boundary of the  geomagnetic  field  in  the  meridian  plane 













(a )  Upper s igns .  
(b )  Lower s igns .  
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Figure 7 . -  Trace of the boundary of  the geomagnet ic  f ie ld  in  the meridian plgne 




Figure 9.- Traces of the boundary o f  the geomagnetic f ie ld  in  the  equator ia l  p lane  and  in  the  mer id ian  
plane containing the dipole axis and the sun-earth l ine,  a = 1, p = 1, A = 0 .  
30 I 
Current in mil l lons 
Figure 10.-  Traces of the boundary of the geomagnetic f i e l d  in  the meridian plane 
conta in ing  the  d ipole  ax is  and  the  sun-ear th  l ine  for var ious  s t r eng ths  of  t he  
r ing   cur ren t ;  nv2 = protons/cm  see2, a = 6 x 1 0 ~  em = 60,000 km. 
34 
. .  






Figure 11.- Traces of the boundary of the geomagnetic f i e l d  i n  t h e  e q u a t o r i a l  p l a n e  a n d  i n  the meridian 
plane containing the dipole  axis and  the  sun -ea r th  l i ne  fo r  va r ious  s t r eng ths  o f  t he  r ing  cu r ren t ;  
nv2 = protons/cm sec', a = 6x10~ cm = 60,000 km, A = 0 .  
Y / a ,  
Figure 12.-  Traces of the boundary of the 
I 
b) 5 million amperes 
I 
I I I I 
-20 -10 0 10 i 
Y 4 
geomgnet ic  f ie ld  in  the  mer id ian  p lane  
con ta in ing  the  d ipo le  ax i s  and  the  sun -ea r th  l i ne  fo r  va r ious  in t ens i t i e s  of 
t h e  s o l a r  wind; a = 6x10’ cm = 60,000 km, i = 5 ~ 1 0 ~  e .m.u. = 5 mi l l i on  amperes. 
; 
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Figure 13.- Traces of the boundary of the geomagnetic f i e l d   i n  the equator ia l  p lane  and  in  the  mer id ian  
plane containing the dipole  axis a n d  t h e  s u n - e a r t h  l i n e  f o r  v a r i o u s  s t r e n g t h s  o f  t h e  r i n g  c u r r e n t ;  
nv2 = protons/cm  sec2, a = 6x10~ cm = 60,000 km, A = 0 .  
30 







Current in millions 
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Figure 14.-  Traces of the boundary of the geomagnet ic  f ie ld  in  the meridian plane 
con ta in ing  the  d ipo le  ax i s  and  the  sun -ea r th  l i ne  for  var ious  s t rengths  of t he  
r ing  cur ren t ;  nv2 = 10l6 protons/cm see2, a = 5x10' cm = 50,000 km. 
P 
X / a ,  nv -10 2-  16 
Figure 15.- Traces of the  boundary of the  geomagnetic  field  in  the  equatorial  plane  and  in  the  meridian 
plane  containing  the  dipole axis and  the  sun-earth  line for various  strengths of the  ring  current; 
w 
\D nv2 = 10l6 protons/cm  sec2, a = 5x10' ern = 50,000 km, A = 0. 
1 
5 mil l ion amperes 
~~ I 
Y/Q, 
Figure 16. - Traces of the  boundary of the 
-30  -20 -10 0 10 
Y/ae 
geomagnetic  field  in  the  meridian  plane - 
containing  the  dipole  axis  and  the  sun-earth  line for various  intensities of 
the  solar  wind;  a = 5x10' ern = 50,000 km, i = 5 ~ 1 0 ~  e.m:u. = 5 million 
ampere s . 
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r 
Figure 1.7.- Traces of the boundary of the geomagnetic f i e ld  in  the  equa to r i a l  p l ane  and in the meridian 
plane containing the dipole  axis  and the sun-ear th  l ine f o r  va r ious  in t ens i t i e s  o f  t he  so l a r  wind; 
a = 5x10’ ern = 50,000 km, i = 5x10 e .m. u .  = 5 mill ion amperes, A = 0. 5 
30m771 Current in millions 
30 I z -  "1" ~~~ Ti Current in mill ions 
Y / %  Y/ ae 
Figure 18.-  Traces of the boundary of  the geomagnet ic  f ie ld  in  the meridian plane 
con ta in ing  the  d ipo le  ax i s  and  the  sun -ea r th  l i ne  i l l u s t r a t ed  in  coord ina te s  
f i x e d  w i t h  r e s p e c t  t o  t h e  s o l a r  wind; A = k11.5". 
42 
' Figure 19.- Traces of the  boundary of the  geomagnetic  field  in  the  meridian  plane 
containing  the  dipole  axis  and  the sun-earth  line  illustrated  in  coordinates 
fixed  with  respect  to  the  solar  wind; A = 11.5' and 34.5'. 
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